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We present a simple version of hadron-quark hybrid (HQH) model. The model is composed of the simple
independent quark model for QGP states and an improved version of volume-excluded HRGmodel for hadronic
states. The improved version of volume-excluded HRGmodel yields the pressure as a simple analytic form. The
switching function from hadron states to QGP states in the present model has no chemical potential dependence.
The present HQH model with the simple switching function is successful in reproducing the Polyakov loop at
zero chemical potential and the EoS in µB ≤ 400 MeV.
PACS numbers: 11.30.Rd, 12.40.-y, 21.65.Qr, 25.75.Nq
I. INTRODUCTION
Lattice QCD (LQCD) provides a lot of information on
hot QCD. In particular, the recent 2+1-flavor LQCD simu-
lation [1] has confirmed that the chiral and the deconfine-
ment transition are “crossover” at finite temperature (T ) and
zero baryon chemical potential (µB = 0), where the con-
tinuum and thermodynamic limits were carefully taken. In
general, such crossover nature means that the chiral and the
deconfinement transition are not completely decoupled and
the transition temperatures depends on the choice of observ-
ables. In fact, observable-dependent transition temperatures
T
(O)
c (µB) have been discussed in LQCD simulations for zero
and small µB; actually, the renormalized chiral condensate
O = ∆l,s(T, µB), the Polykov loop O = Φ(T, µB), the
energy density O = ε(T, µB) and the trace anomaly O =
I(T, µB) are taken in Refs. [2–9]. The definition and the de-
termination are essential for the investigation of the presence
or absence of critical endpoint (CEP) in QCD phase diagram.
Particularly in Ref. [9], the LQCD data disfavors the existence
of the CEP in µB/T ≤ 2 and T/T
(∆l,s)
c (µB = 0) > 0.9.
Another important subject is to understand LQCD data on T
dependence of the equation of state (EoS), especially for the
crossover region (100 MeV <˜ T <˜ 400 MeV). In the region,
hadrons are supposed to melt into the strongly-correlated
quark-gluon plasma; however, the physical interpretation of
such hadron-quark transition has not been established yet. The
EoS including the hadron-quark transition is necessary for the
analyses of relativistic nuclear collisions. For these reasons, a
lot of QCD data have been accumulated [1–13].
As a complementary approach to LQCD simulations, we
can consider effective models. This approach is useful for the
prediction of the transition lines, the existence and the loca-
tion of the CEP, and the EoS. In fact, a lot of predictions are
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made for these quantities. The hadron resonance gas (HRG)
model is a simple model for hadronic matter. The hadron is
treated as non-interacting gas, and all hadrons listed in Particle
Data Book [14] are taken into account in the model. The HRG
model remarkably reproduces LQCD data on the various ther-
modynamic quantities in T <˜ 1.3T (∆l,s)c (µB = 0) [11], which
indicates that one cannot neglect the excited hadrons even
above the chiral transition temperature and hence hadrons pos-
sibly coexistent with quarks and gluons. The simultaneous
treatment of quarks and hadrons has been discussed for a long
time. The various models have been proposed so far, such
as the quark-meson model [15] and the Nambu–Jona-Lasinio
(NJL) model with mesonic loops, quark-diquak coupling and
chiral soliton, However, excited hadrons are absent in such
models.
In our previous papers [20, 21], we proposed the hadron-
quark hybrid (HQH) model in order to describe the coexis-
tence of quarks and hadrons. In the model, the total entropy
s(T, µB) is divided into hadron and quark pieces: Namely,
s(T, µB) = fH(T, µB)sH(T, µB)
+ [1− fH(T, µB)] sQ(T, µB), (1)
where the function sH (sQ) is the entropy density for hadronic
matter (quark–gluon plasma). The weight function fH means
the occupancy of hadronic matter in the total entropy and is
constrained in 0 ≤ fH ≤ 1. The s(T, µB) was determined
from LQCD data on T dependence of sLQCD and the second-
order susceptibilities at µB = 0. We apply HRG model for
sH and independent-quark (IQ) model for sQ. The IQ model
is a simplified version of Polyakov-loop extended Nambu–
Jona-Lainio (PNJL) model [22–25], that is, this model treats
the coupling between the quark field and the homogeneous
classical gauge field, but not the couplings between quarks.
The neglect of quark-quark interactions are justified from the
fact that the light-quark chiral condensate is quite small in
T >˜ 220 MeV where sQ > sH. In our previous version of
HQH model [20, 21], we have confirmed that the HQH model
well describe the LQCD data on the EoS for both T ≤ Tc and
T ≥ Tc [16–21].
As another advantage of our approach, sLQCD automati-
2cally satisfies the thermodynamic inequality and the Nernst’s
theorem [26],
∂s(T, µB)
∂T
∣∣∣∣
µB=0
> 0, s(T, µB)|T=µB=0 = 0. (2)
In the HRG model, the interactions between baryons (anti-
baryon) are neglected, but it should be taken into account for
µB dependence of thermodynamic quantities. A simple way
of treating volume-exclusion effects (repulsive force) [27] was
suggested in Refs. [28, 29]. This model is called “excluded-
volume HRG (EV-HRG) model”. Furthermore, a method of
treating an attractive force in addition to the repulsive force
was proposed in Ref. [30]. The volume-exclusion effects
are included by fitting the volume b = 4 · 4πr3/3 [26] to
either LQCD data or the core radius r of nucleon-nucleon
force [28, 29]. In the framework of Refs. [28–30], the interac-
tion between baryon and anti-baryon and the radius of meson
are neglected.
In this paper, we improve the HQH model of Ref. [21], tak-
ing the EV-HRG model for the hadron piece and using the
simple IQ model for the quark-gluon piece. The EV-HRG
model taken yields the pressure as a simple analytic func-
tion and guarantees that the pressure is µB even. We refer to
the present version of HQH model as “simple HQH (sHQH)
model”.
The switching function fH is determined from sLQCD at
µB = 0, i.e., fH has no µB dependence. The sHQH
model with the switching function well accounts for the
Polyakov loop at zero chemical potential and the EoS in
µB ≤ 400 MeV, without introducing µB dependence to fH,
where the core radius r = 0.335 fm is taken.
The ∆l,s and the Φ signal the chiral and the deconfinement
transition, respectively. The ∆l,s calculated with the HRG
model becomes negative in higher T [5], whereas the corre-
sponding LQCD result is positive. The present model has the
same problem. As an interesting result of LQCD simulations
in Ref. [5], the peak position of d∆l,s/dT agrees with that of
dε/dT at µB = 0. In Ref. [7], furthermore, the transition line
is estimated by the peak of dε/dT for finite µB . Therefore, we
use the peak and the half-value width of dε/dT as a transition
region in µB–T plane. We guess that the transition region
determined from ε is close to the chiral-transition region cal-
culated with LQCD simulations [8]. As a result, we show that
both the regions are close to each other in µB ≤ 400MeV.
As a deconfinement-transition region, we take the peak and
the half-value width of dΦ/dT and predict the transition re-
gion for µB ≤ 400 MeV. We also determine a transition line
from isentropic trajectories, and show that the transition line
is between the deconfinement line and the transition line de-
termined from ε.
This paper is organized as follows. In Sec. II, we show
the model building. Numerical results are shown in Sec III.
Section IV is devoted to a summary.
II. MODEL BUILDING
We improve the HQH model of Ref. [21], modifying the
EV-HRG model for the hadron part and taking the IQ mode
for the quark-gluon one.
For the 2+1 flavor system, we can consider the chemical
potentials of u, d, s quarks by µu, µd, µs, respectively. These
potentials are related to the baryon-number (B) chemical po-
tential µB , the isospin (I) chemical potential µI and the hy-
percharge (Y ) chemical potential µY as
µB = µu + µd + µs,
µI = µu − µd,
µY =
1
2 (µu + µd − 2µs).
(3)
As for µI and µY , the right-hand side of Eq. (3) comes from
the diagonal elements of the matrix representation of Cartan
algebra in SU(3) group: µI = (1,−1, 0)(µu, µd, µs)
t and
µY = (1/2)(1, 1,−2)(µu, µd, µs)
t. Equation (3) yields
µu =
1
3µB +
1
2µI +
1
3µY ,
µd =
1
3µB −
1
2µI +
1
3µY ,
µs =
1
3µB −
2
3µY .
(4)
A. HRG model
For later convenience, we start with the HRG model. In the
model, the pressure PH is divided into the baryon (B) part PB,
the anti-baryon (aB) part PaB and the meson (M) part PM:
PH ≡ PB + PaB + PM (5)
with
PB =
∑
i∈B
diT
∫
log(1 + e−(EB,i−µB,i)/T ), (6)
PaB =
∑
i∈aB
diT
∫
log(1 + e−(EB,i+µB,i)/T ), (7)
PM = −
∑
j∈Meson
djT
∫ {
log(1− e−(EM,j−µM,j)/T )
+ log(1− e−(EM,j+µM,j)/T )
}
(8)
forEB,i =
√
p2 +mB,i2 andEM,j =
√
p2 +mM,j2, where
mB,i (mM,j) and µi (µj) is the mass and the chemical poten-
tial of the i-th baryon (j-th meson), respectively. Here we
have used the shorthand notation∫
≡
∫
d3p
(2π)3
. (9)
for the inegration over 3d-momentum p. In Eq. (5), all the
hadrons listed in the Particle Data Table [14] are taken.
3B. Modified version of EV-HRG
We first explain the EV-HRG model of Refs. [28–30]. The
pressure PEV;H is obtained by
PEV;H = PEV;B + PEV;aB + PM (10)
with
PEV;B =
∑
i∈B
diT
∫
log(1 + e−(EB,i−µEV:B,i)/T ), (11)
PEV;aB =
∑
i∈aB
diT
∫
log(1 + e−(EB,i+µEV:aB,i)/T ). (12)
Here the effective baryon and anti-baryon chemical potentials,
µEV:B,i and µEV:aB,i, are defined by
µEV:B,i/T = µB,i/T − b¯PEV;B/T
4, (13)
µEV:aB,i/T = µB,i/T − b¯PEV;aB/T
4, (14)
where b¯ = bT 3 for a positive volume parameter b. It is not
easy to obtain PEV;B and PEV;B, since µEV;B,i (µEV;aB,i) in-
cludes PEV;B (PEV;aB). Actually, PEV;B and PEV;aB are ob-
tained by solving Eqs. (11) and (12) numerically.
In QCD, the pressure is charge-conjugationeven (µB even).
Hence the PEV;H should be µB even, because it is a model of
explaining QCD in T < Tc. However, µEV:B,i includes a µB-
odd term µB and a µB-even term b¯PEV;B/T
4, so that PEV;H
is not µB even.
The PEV;B and PEV;aB are now modified as
Pmod;B =
∑
i∈B
diT
∫
log(1 + e−(EB,i−µmod;B,i)/T ), (15)
Pmod;aB =
∑
i∈aB
diT
∫
log(1 + e−(EB,i+µmod;aB,i)/T ). (16)
with
µmod:B,i/T = µB,i/T − b¯PEV;B/T
4, (17)
µmod:aB,i/T = µB,i/T + b¯PEV;aB/T
4, (18)
The sum of Pmod;B and Pmod;aB are µB even, since the sum
is invariant under µB → −µB . For this reason, we take
Eqs. (15)–(18). These equations show that PB ≥ PaB.
The Pmod:B and Pmod:aB can be rewritten into
Pmod:B
T 4
=
∑
i∈B
Ai
∞∑
ℓ=1
(−1)ℓ+1
ℓ2
× K2
(ℓmi
T
)
exp
(ℓµmod;B,i
T
)
, (19)
Pmod:aB
T 4
=
∑
i∈aB
Ai
∞∑
ℓ=1
(−1)ℓ+1
ℓ2
× K2
( ℓmi
T
)
exp
(
−
ℓµmod;aB,i
T
)
(20)
for
Ai ≡
di
2π
(mi
T
)2
. (21)
LQCD data on the EoS are available for T ≤ 400MeV and
µB ≤ 400 MeV [5, 7]. We then consider this region. We
consider PB, because of PB ≥ PaB. The ℓ convergence of
Eq. (19) becomes worse as |(µB − mi)/T | becomes larger;
note that K2(x) is proportional to exp(−x) for large x and
µB −mi is negative. Therefore, the convergence is worst for
the smallest case (939−400)/400where T = µB = 400MeV
andmN = 939MeV. Taking the ℓ = 1 term only is a 3 % error
in Eqs. (19). In actual calculations, nucleon contribution inPB
is only 3 %, so that taking the ℓ = 1 term only corresponds
to 0.1% error. We can identify PB with its ℓ = 1 term and
PaB with its ℓ = 1 one. This approximation is called “ℓ = 1
identification in this paper
Using the ℓ = 1 identification, we can rewrite Pmod:B as
Pmod:B
T 4
=
∑
i∈B
AiK2
(mi
T
)
exp
(µmod;B,i
T
)
, (22)
Multiplying both the sides of Eq. (22) by b¯ exp(b¯Pmod;B/T
4)
and using the ℓ = 1 identification, one can obtain
b¯
Pmod:B
T 4
exp
(
b¯
Pmod;B
T 4
)
= b¯
∑
i∈B
AiK2
(mi
T
)
exp
(µB,i
T
)
= b¯
∑
i∈B
Ai
∞∑
ℓ=1
(−1)ℓ+1
ℓ2
K2
( ℓmi
T
)
exp
(ℓµB,i
T
)
= b¯
Pmod;B
T 4
, (23)
Noting that the Lambert W (z) function is the inverse func-
tion of WeW = z, one can get Pmod:B as a simple analytic
function: Namely,
Pmod;B
T 4
=
W (b¯Pmod;B/T
4)
b¯
. (24)
In the limit of b¯ = 0, the Pmod:B tends to PB, because of
W (z) → z. Parallel discussion is possible for anti-baryon.
The result is
Pmod;aB
T 4
=
W (b¯PaB/T
4)
b¯
. (25)
Hence the hadronic pressure becomes
Pmod;H = Pmod;B + Pmod;aB + PM (26)
with Eqs. (24) and (25). The entropy density smod:H is ob-
tained from Pmod:H as
smod:H =
∂Pmod:H
∂T
. (27)
4This modified version of EV-HRG model is referred to as
“modified EV-HRG model”.
Figure 1 shows T dependence of the total pressureP (T ) for
µB = 0, 400MeV. The results of modified EV-HRG and HRG
models are compared with LQCD ones [13]. In the modified
EV-HRG model, we take the core radius 0.335 fm as a value
of r, i.e., b = 0.64 fm3. For µB = 400 MeV (lower panel),
the EV-HRG result (solid line) agrees with LQCD one [13] in
T <˜ 210MeV, while the HRG result (dashed line) is consistent
with LQCD one in T <˜ 150 MeV. For µB = 0 MeV (upper
panel), both the EV-HRG and the HRG result are consistent
with LQCD one [13] in T <˜ 210MeV.
 0
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Fig. 1: T dependence of pressure P at µB = 0 MeV (upper panel)
and µB = 400MeV (upper panel). The solid and dashed lines stand
for the results of modified EV-HRG model and HRG model, respec-
tively. LQCD data are taken from Ref. [13].
C. Independent quark model
We have to consider QGP states in the region T >˜ 200MeV
by using the simple IQ model, since fH(T ) < 1, as shown
later in Fig. 2. The Lagrangian density of the IQ model is
LQ =
∑
f
{q¯f (iγ
µDµ −mf )qf} − U(T, Φ, Φ¯), (28)
where mf is the current mass of f quark and Dµ = ∂µ −
igAaµ
λa
2 δ
µ0 with the Gell-Mann matrix λa in color space. See
Refs. [24, 25] for the definition of the Polyakov loop Φ and its
conjugate Φ¯.
Making the path integral over quark fields leads to
PQ = −U(T, Φ, Φ¯)
+2
∑
f
[∫
(T log z+f + T log z
−
f )
]
, (29)
where
z+f = 1 + 3Φ¯e
−(Ef+µf )/T + 3Φe−2(Ef+µf )/T
+e−3(Ef+µf )/T , (30)
z−f = 1 + 3Φe
−(Ef−µf )/T + 3Φ¯e−2(Ef−µf )/T
+e−3(Ef−µf )/T (31)
with Ef =
√
p2 +m2f . In Eq. (29), the vacuum term has
been omitted, since the pressure calculated with LQCD sim-
ulations does not include the term. The Φ and Φ¯ are obtained
by minimizingΩQ = −PQ.
The entropy density sQ is obtained from PQ as
sQ =
∂PQ
∂T
. (32)
We take the Polyakov-loop potential of Ref. [21]:
U(T, Φ, Φ¯)
T 4
= −
a(T )
2
ΦΦ¯
+b(T ) log{1− 6ΦΦ¯+ 4(Φ3 + Φ¯3)− 3(ΦΦ¯)2}; (33)
a(T ) = a0 + a1
(
T0
T
)
+ a2
(
T0
T
)2
, (34)
b(T ) = b3
(
T0
T
)3
. (35)
The parameters a0, a1, a2, b3 and T0 were fitted to 2+1 flavor
sLQCD in 400<˜ T <˜ 500 MeV; see Fig. 1 of Ref. [21] for the
fit. The resulting values are tabulated in Table I.
TABLE I: Parameters in the Polyakov-loop potential.
a0 a1 a2 b3 T0
2.457 -2.47 15.2 -1.75 270[MeV]
D. sHQH model
The total entropy reads
s(T, µB) = fH(T )smod:H(T, µB)
+ [1− fH(T )] sQ(T, µB) (36)
in the sHQH model, where it is assumed that the fH(T ) has
no chemical-potential dependence. Note that smod:H and sQ
have chemical-potential dependence. Therefore, fH(T ) is de-
termined so as to s = sLQCD [13] at µB = 0: Namely,
fH(T ) =
sLQCD(T )− sQ(T )
smod:H(T )− sQ(T )
. (37)
5In Fig. 2, the fH(T ) of Eq. (37) is shown by dots with error
bars. The errors come from sLQCD. The solid line is a fitting
function for the fH(T ) of Eq. (37); in the χ
2 fitting, the line
is assumed to be 1 in T < 180MeV. From now on, we regard
the solid line as the switching function fH(T ).
The pressure P with no vacuum contribution is obtainable
from sLQCD of Eq. (36):
P (T, µB) =
∫ T
0
dT ′s(T ′, µB) (38)
 0
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 0.4
 0.6
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 100  150  200  250  300  350
f H
T [MeV]
LQCD     
fitting
Fig. 2: T dependence of the switching function fH(T ). The dots
with error bars are the fH(T ) of Eq. (37), The solid line is a fitting
function for the fH(T ); see the text for the fitting.
III. NUMERICAL RESULTS
As mentioned in Sec. I, we consider the transition region
determined from with the peak and the half-value width of
dε(T, µB)/dT and the deconfiment-transition region with the
peak and the half-value width of dΦ(T, µB)/dT .
A. T dependence of the Polyakov loop for µB = 0 ∼ 400MeV
Figure 3 shows the Polyakov loop Φ as a function of T for
the cases of µB = 0, 100, 200, 300, 400MeV. The LQCD re-
sult is available only for µB = 0MeV [5]. In the upper panel
for µB = 0 MeV, the sHQH result (solid line) well repro-
duces LQCD one in which the continuum limit is taken. We
then predict the Φ for µB = 100, 200, 300, 400 MeV in the
lower panel. µB dependence of Φ is small.
B. Transitions
We first consider the case of µB = 0. Table II shows re-
sults of sHQH model for the transition region T εc determined
from the peak and the half-valued width of dε(T, µB)/dT
and the deconfinement-transition region T dc deduced from
dΦ(T, µB)/dT . The results are compared with LQCD
data [5] on the chiral transition temperature T χ:LQCDc and
the deconfinement temperature T d:LQCDc . One can see that
 0
 0.2
 0.4
 0.6
 0.8
 100  150  200  250
Φ
T [MeV]
LQCD     
sHQH
 0
 0.2
 0.4
 0.6
 0.8
 100  150  200  250
Φ
T [MeV]
µB=100MeV   
µB=200MeV
µB=300MeV
µB=400MeV
Fig. 3: T dependence of the Polyakov loop Φ. The upper
panel is for µB = 0 MeV and the lower panel is for µB =
100, 200, 300, 400 MeV. The sHQH model results are shown by the
solid lines. In the lower panel, four line correspond to the cases of
µB = 100, 200, 300, 400 MeV from right to left. LQCD data are
taken from Ref. [5].
T
∆l,s:LQCD
c is included in the region T ec , while T
d
c is consis-
tent with T d:LQCDc .
T εc T
∆l,s:LQCD
c T
d
c T
d:LQCD
c
137–204[MeV] 157(4)(3)[MeV] 177–239[MeV] 170±7[MeV]
TABLE II: Comparison between lattice transition temperatures and
transition regions calculated with sHQH model for µB = 0.
Figure 4 shows the transition region T εc determined from
the peak and the half-valued width of dε(T, µB)/dT and the
lattice chiral-transition region in µB–T plane; the former is
calculated with the sHQH model and the latter is analytic
continuation of LQCD simulations from imaginary to real
µ [8]. The transition region determined from dε(T, µB)/dT
is shown by a horizontal line with cross for each of µB =
0, 100, 200, 300, 400MeV; the cross is a maximum value of
dε/dT and the line means the half-value width of dε/dT .
The red solid line is made by connecting the crosses. Mean-
while, the blue band indicates the width of the chiral-transition
region extrapolated from the imaginary-µB region [8]. The
model result is consistent with the LQCD result.
Figure 5 shows the deconfinement-transition region in µB–
T plane. The shah result is shown by a horizontal line
with cross for each of µB = 0, 100, 200, 300, 400 MeV.
The solid line made by connecting the points stands for the
6 0
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Fig. 4: The transition line determined from dε/dT in µB–T plane.
The horizontal line with cross stands for the transition region deter-
mined from dε/dT and is calculated with the sHQH model. The
transition line (red solid line ), obtained by connecting the crosses,
is expressed by T = 172(1− 0.03(µB/172)
2)MeV. The blue band
is the chiral-transition region determined by analytic continuation of
LQCD simulations from imaginary to real µ [8].
deconfinement-transition line. µB dependence of the half-
value width does not become large.
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Fig. 5: Deconfinement-transition region in µB–T plane. See the text
for the definition of lines. The deconfinement-transition line is T =
201(1 − 0.0075(µB/201)
2)MeV.
In Fig. 6, the solid curve is a line connecting the points
at which the curvature of isentropic trajectory becomes max-
imum. This figure suggests that a transition line can be esti-
mated by n/s in µB–T plane. Hence, the transition calculated
with n/s may be deduced from relativistic nuclear collisions.
There is no evidence of attractor of isentropic trajectory in the
sHQH model.
In Fig. 7, the transition line calculated with n/s (dashed
line) is compared with the transition line determined from
dε/dT (dotted line) and the deconfinement-transition line
(solid line). The transition line determined from n/s lies be-
tween the dotted and solid lines.
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Fig. 6: Isentropic trajectories, n/s=const, in µB–T plane. The
solid curve is a line connecting the points at which the curve of tra-
jectory becomes maximum; the resulting curve is T = 194(1 −
0.035(µB/194)
2) MeV. The isentropic trajectories are shown by
n/s = 0.010, 0.015, 0.020, 0.025 from left to right.
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Fig. 7: Transition lines in µB–T plane. The chiral-transition
line determined from ε is T = 172(1 − 0.03(µB/172)
2), the
deconfinement-transition line is T = 201(1 − 0.0075(µB/201)
2),
the transition line determined from n/s is T = 194(1 −
0.035(µB/194)
2).
C. The EoS
In Sec. III B, we considered the transition line determined
from dε/dT , where ε(T, µB) = sT − P + µBn.
One uses the Tolman-Oppenheimer-Volkof equations
(TOV) equation to study structure of stars. The input EoS
of the TOV equation is P and n. In addition, the isentropic
trajectories, n/s=const, are important to study relativistic nu-
clear collisions. Therefore, we focus on P , s, ε, n.
In order to compare the present model with the previous
model [21], we take the same assumption “ fH(T ) has no µB
dependence”, in the the previous model. The resulting switch-
ing function fprevH (T ) is shifted to the left by about 10 MeV
from fH(T ) in Fig. 2. The difference between the present
model with fH(T ) and the previous model with f
prev
H (T )
shows EV effects. The previous model with fprevH (T ) is re-
ferred to as “HRG-HQH model” in this paper.
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Fig. 8: T dependence of s, P , ε at µB = 0MeV. See the the text for
the definition of lines. LQCD data are taken from Ref. [7].
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Fig. 9: T dependence of s, P , ε, n at µB = 100 MeV. See the the
text for the definition of lines. LQCD data are taken from Ref. [7].
Figure 8 shows T dependence of s, P , ε, at µB = 0 MeV.
The solid and dashed lines are the results of sHQH and HRG-
HQH models, respectively. Seeing s(T ), we find that the fit-
ting of fH(T ) is good, since the sHQH result agrees with
LQCD data [7]. Also for P and ε, the sHQH model agree
8with LQCD data. Comparing the results of sHQH and HRG-
EV HQH models, we can find that EV effects are small for
µB = 0MeV.
Figure 9 shows T dependence of s, P , ε, n at µB =
100 MeV. The solid and dashed lines stand for the results
of sHQH and HRG-HQH models, respectively. The s, P ,
ε, n of sHQH model reproduce LQCD data [7]. Compar-
ing the two lines, we ca see that EV effects are small still
for µB = 100MeV.
Figures. 10–12 shows T dependence of s, P , ε, n for
µB = 200, 300, 400 MeV. The results of sHQH model well
reproduces the LQCD data [7]. EV effects become large as
µB increases from 200 MeV to 400 MeV.
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Fig. 10: T dependence of s, P , ε, n at µB = 200 MeV. See the the
text for the definition of lines. LQCD data are taken from Ref. [7];
note that n is deduced from s, P , ε.
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Fig. 11: T dependence of s, P , ε, n at µB = 300 MeV. See the the
text for the definition of lines. LQCD are taken from Ref. [7]; note
that n is deduced from s, P , ε.
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Fig. 12: T dependence of s, P , ε, n at µB = 400 MeV. See the the
text for the definition of lines. LQCD are taken from Ref. [7]; note
that n is deduced from s, P , ε.
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IV. SUMMARY
We have improved the HQH model of Ref. [21], modifying
the EV-HRG model [28, 29] for the hadron piece and using
the simple IQ model for the quark-gluon piece. The modified
EV-HRGmodel yields the baryon and antibaryon pressures as
simple analytic functions of Eqs. (24)–(25), and ensures that
the pressure is µB even.
We have determined the switching function fH from sLQCD
at µB = 0. The sHQH model with the switching function
fH(T ) well accounts for LQCD data on the Polyakov loop at
µB = 0 MeV. This makes it possible to predict the Polyakov
loop for µB = 100, 200, 300, 400 MeV. The EoS calculated
with the sHQH model is successful in reproducing the corre-
sponding LQCD data in µB ≤ 400MeV, without introducing
µB dependence to fH, where the core radius r = 0.335 fm
is taken. The switching function fH has also a simple form,
since it has no µB dependence.
As an interesting result of LQCD simulations for µB =
0 [5], the peak position of d∆l,s/dT agrees with that of
de(T, µB)/dT . In LQCD simulations for finite µB [7],
furthermore, a transition line is estimated by the peak of
dε(T, µB)/dT . We can then guess that the transition re-
gion determined from ε is close to the chiral-transition re-
gion calculated with LQCD simulations. In fact, we show
that the transition region determined from dε(T, µB)/dT al-
most agrees with the lattice result [8] on the chiral-transition
region in µB ≤ 400MeV. This may make it possible to define
a chiral-transition region in µB–T plane with the peak and the
half-value width of dε(T, µB)/dT .
As a deconfinement-transition region, we take the peak and
the half-value width of dΦ(T, µB)/dT . As for the deconfine-
ment transition, we predict the transition region and confirm
that the deconfinement-transition line is above the transition
line determined from dε(T, µB)/dT . In sHQH model, there
is no evidence of attractor of isentropic trajectory. We have
also found that the transition line determined from isentropic
trajectories is between the deconfinement line and the transi-
tion line determined from dε(T, µB)/dT . The transition de-
termined from isentropic trajectories may be deduced from
relativistic nuclear collisions.
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